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On a Pe r iod ic  So lu t ion  of t h e  Central. D i f f e ren - t i a l  Equation i n  t h e  

R e l a t i v i t y  Theory of Grav i t a t ion  

Abolghassem Ghaffar i  

\ Summary. 

; symnietric and t h e  e f fec t  of the g r a v i t a t i o n a l  f i e l d  of t h e  s m  on 

Assuning t h e  e a r t h ' s  g r a v i t a t i o n a l  f i e l d  i s  s p h e r i c a l l y  
I 
! 

an a r t i f i c i a l  ea.rth sa te l - l i t e  i s  n e g l i g i b l e ,  then  t h e  motion of 29 

a r t i f i c i a l  e a r t h  s a t e l l i t e  i s  governed by t h e  ord inary  geode-' O l C S  

For a co'niplete d i scuss ion  of t'ne classica.1 equat ion (1)  and i-ts 

n o t a t i o c s ,  refer  t o  G .  KcVi t t ie  (Cerxral R e l a t i v i t y  2nd Cozmoiogy, 

The Univers i ty  of I l l . i no i s  Press, U r b a x ,  1365).  

eqlla-Lion (1) wi th  respect; t o  t h e  t r u e  an,?yaljT j?  

Di.ffzrer.t' -. ... C L L , L , I &  -J-' r r .  

a d  s e t t ; . n g  't 

w e  ob ta in  

where t h e  semi- la tus  rectum p i s  r e l a t e d  t o  the seni-major axi.s a 
I 

and t h e  e c c e n t r i c i t y  e of t h e  Keplerian or.'oit by - e . )  
An approximate s o l u t i o n  of (2) has been g iven  by P .  B e r v - -  5 ,nn 

y!,zzfiTt. 
,i 

s 

( In t roduc t ion  t o  t h e  Theory R e l a t i v i  ij-, Prent ice-Hal l ,  Inc., 1960) , 
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arid an approximate p e r i o d i c  so lu t ion  of (2)  s t a r t l n g  from t h e  

per igee ,  t h a t  i s  t o  say, s a t i s f y i n g  t h e  i n i t i a l  condi t ions  

(3) 
i s  obtained by applying t h e  Linds ted t  pe r tu rba t ion  method t o  

equation (2)  . To apply Linds ted t  method we change t h e  independent 

v a r i a b l e  $ togLhrough t h e  r e l a t i o n  

I 

I 
i 

j(4) 

where c ,  c 2 ,  c3, . . . are t h e  unknown c o e f f i c i e n t s  and f- i s  an 

a r b i t r a r y  small p o s i t i v e  paraxeter . 
kional. r ad ius  m (m = 0.b43 cm.) enables us t o  suppose 

then equation (2)  b, c.comes 

i 
The srna!-!-riess of t h e  g r a v i t a -  

tr-  TI, and 

(5) 

i 

L 
i 

Let  us w r i t e  t h e  solut, ion of (5) i n  a power s e r i e s  ~ , ~ i t h  r e s p e c t  t o  

t h e  small parameter L , ,  (6) 

and limit o u r s d v e s  t o  t h e  f i r s i  order approximation such t h a t  

c . 9  ---- ?'L 

f ,//! ( ij-) 
,A; 52-  ,I? 0- 5 P  

( 7 )  
2 Computing d 2 u / d b Z  and u 

equat ion  (5) and conipa-ri.ng t h e  t e r m  which a r e  cons-tai-it, t'i1os e 

from (6) and s u b s t i t u t i n g  them i n t o  

which are n;ultiplj.cd by 2- one f i n d k  t h a t  t.he l ead ing  term uo i s  

c 
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' I  

s c c u a r  term appears i n  t h e  so lu t ion .  

(10) c 1  = l / p ,  and. t h e r e f o r e  equation (9) assLu7les the form 

Hence we chocr;ecl so t h a t  

The s o l u t i o n  of (11) sa t i s fy i r& the  i n i t i a l  c o n j i t i o n s  

~ 

i 

!Therefore, t h e  f i r s t  order  approximate 

/ 
'Formulae (1b) a:id (15) show t h a t  t h e  change i n  t h e  frequencies  i s  

d-epend-en-t u.pon -Lhe anplitu.de a and t h e  e c c e n t r i c i t y  e of t h e  Keplerian 

o r b i t  and a l so  of t h e  parameter 2- , propsr-ty which belongs t.5 t h e  

pe r iod ic  solu.t ions of a l l  nonlinear autonomous d i f f  eren-tial. eqo.atl.cms. 




